The use of Coulomb's friction law with the principles of classical rigid body dynamics introduces mathematical inconsistencies. Speci cally, the forward dynamics problem can have no solutions or multiple solutions. In these situations, compliant contact models, while increasing the dimensionality of the state vector, can resolve these problems. The simplicity and e ciency of rigid body models, however, provide strong motivation for their use during those portions of a simulation when the rigid body solution is unique and stable.
Introduction
There are many applications in an industrial setting where it is bene cial to understand the dynamics of systems with frictional contacts. Examples include part-feeding systems 17] and automatic assembly of mechanical components 3]. Examples of mechanical systems with frictional contacts include multi ngered grippers 7], multiarm manipulation systems 21], legged locomotion systems, and wheeled robots on uneven terrain 13]. In order to successfully design and optimize such mechanical systems or manufacturing processes, a method for modeling and simulating mechanical systems with frictional contacts is necessary 19].
In a forward dynamics problem, it is well-known that in the frictionless case there is always a unique solution for the accelerations. When the constraints are not all independent, the system is statically indeterminate and the constraint forces cannot be uniquely determined. In the frictional case, if all contacts are known to be rolling (sticking), the existence of a solution can be shown if the constraints are independent 22]. In all other cases, the initial value problem can be shown to have no solution or multiple solutions for special choices of initial conditions 14, 15] . The major di culty of proving existence and uniqueness arises when rigid body models are combined with friction laws coupling normal and tangential contact forces. In these situations, it is attractive to pursue models in which the contact forces are explicit functions of the state variables. For example, a continuum model for modeling the deformations at each contact is described in 23]. Each contact is modeled as frictional elastic or viscoelastic, and the contact force distribution across the contact patch is calculated using a nite-element mesh. This general approach is further re ned by 6]. Existence and uniqueness is shown for the special case in which the maximum tangential force at each point is a priori known.
The empirical nature of friction models can cause additional di culties with dynamic simulation. The most widely employed model, for example, is Coulomb friction. When used in combination with a rigid body contact model, the tangential force is a discontinuous function of the sliding velocity and independent of tangential displacement. Furthermore, this model does not predict such phenomena as micro-slip, hysteresis and local adhesion 1]. Both these di culties can be overcome by combining the Coloumb friction model with a simple lumped model of compliance (e.g., the Kelvin-Voigt model 12]). At very small displacements, the tangential force opposes the tangential displacement, simulating an approximately linear spring. For small oscillatory displacements, hysteric behavior is exhibited as in 5] . With a suitable modi cation to the Coulomb friction model, the steady-state friction force can be made to decrease with increasing velocity thus simulating the development of a lubricant lm 1]. However, while the di culty with discontinuities is eliminated, such Coulomblike friction laws are generally not smooth. The laws are described by separate equations for rolling and sliding contact and are not di erentiable at transitions between rolling and sliding. We will overcome this di culty by introducing a friction model that depends on normal force, but which is continuously di erentiable.
In this paper, we derive a simple compliant contact model that (a) provides a framework for analyzing frictional forces for constraint dynamic systems; and (b) establishes a unique solution for initial value problems in dynamic simulation. We use methods from singular perturbation analysis to establish conditions under which the solution predicted by the rigid body model is stable. We argue that rigid body dynamic simulation is meaningful only when the solution of the compliant contact model converges to the solution of the rigid body model. Experimental results and numerical simulations are illustrated to verify the stability analysis. We also describe stability results using a smooth nonlinear friction law which is an alternative to the Coulomb's friction model.
Rigid body models
The dynamic equations of motion for a mechanical system comprised of rigid bodies subject to Coulomb friction can be written in the form:
where q 2 < n is the vector of generalized coordinates, M(q) is an n n positive-de nite symmetric inertia matrix, h(q; _ q) is a n 1 vector of nonlinear inertial forces, u is the vector of applied (external) forces and torques, and is the vector of constraint forces. The system is subject to k unilateral constraints:
(q) = ( 1 (q); ; k (q)) T 0 (2) and q in Equation (1) is the k n Jacobian matrix, @ @q . We will assume, without loss of generality, that this does not include bilateral, holonomic constraints. Further, for the sake of simplicity, we will assume that nonholonomic constraints are not present.
Suppose there are c contacts, consisting of r rolling contacts and s sliding contacts. Let the subscripts N and T denote quantities in the normal and tangential contact directions and the subscripts S and R denote sliding and rolling contacts respectively. The Jacobian matrix and constraint forces in Equation (1) N;i 0; N;i 0; N;i N;i = 0; i = 1; : : : ; c: (5) This complementary constraint is valid for all sliding contacts (indexed by the subscript i = 1; : : : ; s) and rolling contacts (indexed by i = s+1; : : : ; c). Subscripts R and S are omitted for convenience.
This condition allows active contacts to become inactive. The case of inactive contacts becoming active is modeled by rigid body impacts and is treated elsewhere 12]. Similar complementarity constraints can be found in the tangential direction by assuming Coulomb's friction. We refer the reader to 20] for details.
The problem of determining contact forces can be reduced to a linear complementarity problem (LCP ) that has the form 22]:
x 0; y = Ax + B 0; y T x = 0:
The LCP has a unique solution for all vectors B if and only if the matrix A is a P-matrix 2]. However, even if A is not a P-matrix, the LCP may have unique solution for special choices of B. For other choices of B, Equation (6) may have no solution or multiple solutions. To overcome these inconsistencies, we consider more sophisticated models of contact interactions in the next section.
3 Compliant contact models Our contact model of compliance assumes that the principles of rigid body dynamics are valid and the gross motion of the dynamic system is described by the state variables (q; _ q). However, in addition to the gross motion, there are small (local) deformations at each contact. Thus a rigid body can be modeled as a rigid core sorrounded by a very thin deformable layer the inertia of which is considered to be negligible, as shown in the schematic in Figure 1 . The gross rigid body motion determines the relative displacement at the contact point ( T , N ). The actual relative displacement of the contact point is given by ( T + T , N + N ). The contact forces are related to the normal and tangential deformations ( N ; T ) of the deformable layer and their derivatives ( _ N ; _ T ) through the material properties of the deformable layer.
A general viscoelastic model for contact compliance is shown in Figure 1 . At contact i, the normal and tangential contact forces ( N;i and T;i ) between the two contacting bodies may be modeled as: 
T;i = f T;i ( T;i ) + g T;i T;i ; _ T;i ; i = 1; : : : ; c; (8) where the functions f N;i and f T;i are the elastic sti ness terms and g N;i and g T;i are the damping terms in the normal and tangential directions respectively. These functions depend on the geometry and material properties of the two bodies in contact and may be nonlinear. We have decoupled the modeling of the contact forces (i.e. the force at a contact is only dependent on the deformation at that contact). We will consider the case where the tangential force obeys Coulomb's frictional law: j T;i j i N;i : (9) An alternative frictional model is discussed in Section 7. The simplest viscoelastic model is the Kelvin-Voigt model given by: f i = K i i ; g i = C i _ i ; i = 1; : : : ; c; (10) where K i and C i are sti ness and damping coe cients (in the normal or tangential directions)
respectively. The coe cients can be estimated using linear elastic and visco-elastic theory for half spaces 9] . A more sophisticated model due to Hunt and Crossley 8] incorporates nonlinear elastic and dissipation terms: f i = K i i ; g i = 3 2 K i i _ i ; i = 1; : : : ; c; (11) where and are functions of the material properties and the local geometry.
In any of the above models, the normal deformations are directly related to the constraints in the normal direction. The normal deformations and constraint forces are given by: N;i =max f0; ? N;i (q)g ; (12) if N;i > 0; 
In the tangential direction we de ne a new variable, i , to denote the relative sliding velocity between the (deformed) contact points at contact i. This quantity is the slip rate, the sum of the tangential rigid body velocity at the contact and the rate of tangential deformation:
For rolling contacts, we have:
T;i = f T;i ( T;i ) + g T;i T;i ; _ T;i ; (14) _ T;i = ? _ T;i (q); i = s+1; : : : ; c; (15) in conjunction with the frictional inequality of Equation (9). For sliding contacts,
T;i = ? N;i sign( i ); i = 1; : : : ; s; (17) where h T;i (:) is the inverse of the function g T;i in Equation (8) for a given T;i . For both sliding and rolling contacts, we track the tangential deformations by integrating the expression for its derivative:
In order to determine which set of equations apply, we start with the assumption that any contact is rolling. If the tangential force from Equation (15) violates the frictional constraint in (9), the contact is sliding and Equations (16) (17) yield the correct force with sign( i ) taken to be the opposite of the sign of the tangential force in Equation (15) . It is clear that Equations (12-18) always provide a unique answer for the normal and tangential contact forces and the positive-de niteness of M in Equation (1) yields a unique solution for q.
There are two disadvantages of the compliant contact model. First it is clear that we now need to model the contacts and this increases the possibility of modeling errors. Second, and more importantly from an computational standpoint, there is a need to extend the dimension of the state space from 2n ? 2(n C + n R ) to 2n + n C in order to track the tangential deformation, T;i , at each contact. The three main advantages, which outweigh the disadvantages, are: (a) The normal and tangential forces are now uniquely determined and there is no question of static indeterminacy; (b) The di culties with uniqueness and existence no longer arise; and (c) A model with tangential contact compliance is more realistic and can better explain physical observations 12].
We do not wish to promote unnecessary model complexity, however, and in those situations when a compliant contact model is not needed, it would be desirable to retain the simpler rigid body model. The popularity of rigid body models can be attributed not only to their simplicity, but also to the fact that they produce adequate results in a broad range of applications. Clearly, rigid body models can only be used when a unique solution can be determined without any additional ad hoc assumptions. But even when this is the case, it is meaningful to use the reduced order rigid body model only when the solution from the more accurate compliant contact model converges to the solution obtained from the rigid body model. In the next section, we will use singular perturbation theory to investigate the stability of the solutions obtained from the rigid body model.
Singular perturbation analysis
The rigid body model leads to a set of di erential-algebraic equations as shown in Section 2. In the compliant contact model, the deformations at the contact points are at least an order of magnitude smaller than the gross motions of the mechanical system. By setting these small deformations to zero (or by allowing the corresponding sti nesses to be in nitely large), we recover the equations of the rigid body model. This suggests that we can use singular perturbation theory to decompose the system model into reduced (slow time scale) and boundary-layer (fast time scale) models 11]. In mechanical systems described by Equation (1), the slow time scale corresponds to the reduced order rigid body model dynamics and the fast time scale is the time scale that characterizes the contact dynamics 4, 16] . The response of the system then consists of a slow response and a fast transient.
If the boundary-layer model is exponentially stable, the fast transient will exponentially converge to zero and it is reasonable to neglect the high-frequency contact dynamics. In such a situation, the reduced order model obtained by neglecting the compliance is robust to the unmodeled dynamics.
If the boundary-layer model is not stable, we cannot neglect these terms and it is necessary to use the complete dynamic model given by Equations (12-18).
We rst partition the generalized coordinates q into the fast variables q 1 , related to the contact deformations, and the remaining slow variables, q 2 . We accordingly de ne a new set of variables:
where p 1 ; q 1 2 < k and p 2 ; q 2 2 < n?k . Recall that k is the total number of constraints. In order to make p a valid choice of coordinates, the implicit function theorem requires that the Jacobian (20) be the new state variables and rewrite the dynamic equations (1) (23) We say that the singular perturbation model (21) is in standard form if and only if the above algebraic equations have at least one isolated real root for y in terms of x. We will proceed with the stability analysis with the assumption that equation (23) has at least one feasible solution y 0 (x). We now look at the solution to Equation (21) with y = y 0 (x) and = 0. This solution, denoted by x 0 ( t), is the solution of the reduced rigid body system.
Assume that x 0 ( t) is de ned for t 2 0; t 1 ]. At an arbitrary time instance t 0 2 0; t 1 ], the boundary layer system of (22) can be introduced through a`stretch' of the time scale, = t? t 0 p . In the stretched time scale , the variables t and x( t; ) are slowly varying. Since t 0 is allowed to take any value in 0; t 1 ], the boundary layer system of (22) :
The response of the above system equation, z( ), is the transient that describes the dynamics associated with the compliance at the contact points. The stability of the system implies the convergence of the compliant contact model solution x( t; ) to the rigid body model solution x 0 ( t).
We can directly apply Tikhonov's theorem 11] to get the following result:
Theorem 4.1 Consider the system described by (21) and let y 0 (x) be an isolated solution of (23 Proof: The proof of this theorem follows directly from Tikhonov's theorem, and is a direct application of Theorem 9.1 in 11].
Remark 4.1
The stability of the boundary layer system is determined by the matrices P and Q, or specifically, the eigenvalues of
Other than the general constitutive model described by Equations (7) and (8), no speci c compliant contact models are introduced in the discussion, therefore the stability results will not change when di erent compliant models are employed.
It is worth noting that the requirements on the continuity of the rst partial derivatives in Theorem 4.1 are not satis ed whenever there are transitions from rolling to sliding or sliding to rolling because of the non-smooth nature of Coulomb's law. In the next section, we will apply Theorem 4.1 to planar mechanical systems with one contact and discuss the cases of sliding and rolling separately. 
where s =? sign( _ T ).
Sliding contact
For the sliding case, the rigid body dynamics can be modeled as a LCP of the form This result is independent of the compliant contact models as long as the monotonicity condition, ? @ N (y(t);0) @y 1;2 > 0, is satis ed.
As examples, we show that the stability results are the same for both the Kelvin-Voigt and the Hunt-Crossley models. From Equation (10) 
The boundary layer system is obtained as 
Since y 1 0 for any active constraint, it is clear that the stability of the boundary layer dynamics, described by either (35) or (38), depends entirely on the value of A(x 0 ). Thus, independent of the choice of contact model, A(x 0 ) may used to test contact force stability in those situations where the LCP tells us that the contact is maintained, A summary of the results is given in Table   1 . For the contact maintaining solutions, the result of the singular perturbation analysis states that stability only occurs where the quantity A in the LCP formulation is positive (P -matrix). If the LCP reports an unique solution, we use the rigid body model to simulate the dynamic motion. For the case when the LCP has two solutions (A < 0; B 0), we can still use the rigid body model since the stability analysis shows a unique stable solution. In this situation, the stability of the boundary layer system (39) follows from the Routh-Hurwitz criterion. The reason is that for rolling constraints, the contact model corresponds instantaneously to a frictionless (no dissipation) compliant pin joint. Viewed in this context, the contact forces correspond to the joint constraint forces. It is not surprising that, in the rigid body limit, these forces are always stable. In contrast, the singular perturbation analysis of sliding included the dependence of tangential friction force on normal force. This dependence produced the potential for instability during sliding.
Since the LCP and singular perturbation analyses for sliding both included this dependence, it was possible in Theorem 5.1 to relate the LCP existence and uniqueness results to the singular perturbation stability result. This result is independent of the compliant contact models as long as the monotonicity condition of is satis ed.
Extensions
In the treatment thus far, we considered the dynamics of a single rigid body in which the unilateral constraints were due to one contact (sliding or rolling) with a second xed rigid body. When we consider multiple planar rigid bodies with bilateral constraints, but only one contact, a similar result can be derived. In such a case, the dynamics formulations in the Cartesian space and the constraints can still be described by (1) and (27, 28), if the operational space inertia matrix, M, exists. The only di erences are that the inertia matrix, if it exists, is no longer diagonal but symmetric and still positive de nite, and h(q; _ q) is no longer zero. But these di erences will not a ect the properties of the A matrix in the boundary layer systems (32) and (39). Consequently, the basic ideas developed in this section are still valid, and the main results are applicable to any mechanical system in which the unilateral constraints are due to a single contact. 6 Results from experiments and simulations
In this section, we compare the results of numerical simulations with experimental observations. In the experiments, an aluminum rod with spherical ends is released from rest, while contacting a at, rough, xed surface, with di erent initial positions. We used the OPTOTRAK-3020 (Northern Digital Inc.), a non-contact, three-dimensional motion measurement system with an accuracy better than 0:1mm in each coordinate direction and a tracking rate can be as high as 1000Hz. The experimental setup is shown in Figure 3 .
The numerical simulation is based on the dynamics given by Equation (1) and (27). The length and diameter of the tested rod are 0:468m and 0:00948m respectively. The mass is 0:088kg. The compliant model used in the simulations is the Hunt-Crossley model expressed by equations (36-37). The only unknown parameter in the equations is the coe cient of friction. The coe cient of friction for the simulation is chosen to be the value that best approximates experimentally observed trajectories in a least-squares sense. The rst thing to note is that there is a close agreement between the experimental trajectory and the rigid body LCP solution with the same initial condition as expected. The second issue to focus on is the set of results from the simulation of the compliant contact model. Even though the initial condition for the compliant contact model solution is di erent from the equilibrium solution, it quickly converges to the equilibrium solution. The convergence in an absolute time scale is faster as becomes smaller. This is also evident at the transition from reverse to forward sliding, which includes a very brief period of rolling. The discontinuity of the rigid body dynamic model with Coulomb friction is seen in the contact force variation in Figures 4(b) and 4(c) . However, the compliant contact model yields a continuous solution that can be made to approach the solution of the LCP model arbitrarily closely by letting assume very small values. 6.2 Case 2: The LCP has two solutions
In Section 5 we showed that, in cases when the LCP formulation for sliding contact has two solutions, the model of the boundary layer system (32) predicts that the contact maintaining solution is unstable. In such cases, at any instant, the LCP predicts two possible outcomes. While it is possible to simulate either outcome using the compliant contact model, a simulation based on the rigid body model involves making a choice at each such point. In Figure 5 , we show the results of the rigid body solution assuming that (a) the contact breaks at t = 0 { the rst solution; and (b) the contact is maintained at t = 0 { the second solution, and at future time instants as well. The main point to be observed in Figure 5 is the performance of the compliant contact model. As shown in Figure 5(b) , even when started from the condition of maintaining contact, the solution for the compliant contact model exponentially converges to the stable solution of no contact. The rate of convergence increases with decreasing . In contrast, at t = 0:163sec, the rigid body solution corresponding to maintaining contact reaches a state where the LCP has a unique solution corresponding to contact separation. This can be seen in Figure 5 (b) as the discontinuous drop in normal contact force. The fact that the compliant model solution converges to the stable rigid body model solution indicates that in cases when LCP has two solutions, one stable and one unstable, we can always choose the stable solution and use the rigid body model to continue the simulation.
Friction models
There are many types of friction phenomena and equations to model them. Coulomb friction is one of the simplest and in many situations can adequately predict the system's behavior. Nevertheless, its mathematical properties complicate dynamic simulation for both rigid body and compliant contact models. The di culties caused by Coulomb's friction model in rigid-body dynamic simulation are due to the following issues: (1) the friction force is not smooth during rolling-sliding transitions; and (2) during rolling, the friction force cannot be directly determined from the state variables. When solving the forward dynamic problem, these two issues can either increase the complexity of the system or cause analytical di culties. Speci cally, the rolling and sliding constraints need to be handled di erently in the rigid body formulations 22]. This is also the main reason that our stability results in Section 4 are not applicable to transitions from rolling to sliding. Furthermore, cases arise in which a unique solution to the forward dynamics problem does not exist. Since these di culties are due to the Coulomb model, it is possible to overcome them by substituting a model with the requisite mathematical properties. In fact, nonclassical friction laws which are nonlinear and nonlocal have been found to be superior to point-wise Coulomb models from both a phenomenological and a computational viewpoint 18]. A few of these models were developed speci cally for rigid body dynamics. For example, a discontinuous model that extends the Coulomb's stiction zone from zero velocity to a small neighborhood of zero velocity is suggested in 10]. Many others 1], including Dahl's model and the bristle model, can be considered to be extensions of the compliant contact model.
Our interest is in the simplest friction law that approximates Coulomb friction and is a continuously di erentiable function of the system states. Such a model would allow us to formulate the dynamics using either rigid body models or compliant contact models while improving the performance of both. A friction law with these properties is shown in Figure 6 . It has a one-to-one correspondence between the friction force T and the relative tangential velocity _ T . The small parameter de nes the extent of the \rolling" regime: _ T 2 ? ; ]. By letting tend to zero, we can obtain an arbitrarily close approximation to Coulomb's law, albeit with some sliding in the \rolling" regime. Using this friction law with the rigid body dynamic model expressed in Equations (1-2), we no longer need to di erentiate between rolling and sliding contacts. Instead, the Jacobian matrix ( q ) in Equation (3) This gives rise to a uni ed LCP formulation that works for both rolling and sliding constraints.
The smooth friction law can also improve numerical performance of the compliant contact model, since we no longer need the deformation state vector, T , to compute the tangential force which is uniquely de ned by the normal contact force and the relative velocity.
As is the case with rigid body dynamics and Coulomb's law, the LCP formulation with the smooth friction law will have situations with no solution or multiple solutions. And, as before, the compliant contact model given by Equation (12) and (42) resolves the di culties with uniqueness and existence. Since the stability analysis in Section 4 can be easily applied to this new frictional model without worrying about transitions between rolling and sliding contacts, Theorem 5.1 can be directly extended to any planar mechanical system with a single rolling or sliding contact. Because the rolling constraint is now replaced by \micro-sliding" with the tangential contact velocity smaller than , the proof follows exactly the same lines of the proof in Section 5.1.
To illustrate the e ect of the smooth friction law, we consider the same situation shown in Figure 4 (Case 1 in Section 6). Recall the transition from reverse sliding to rolling to forward sliding in Figure 4 at t = 0:205sec. Figure 7 the shows the results of the simulation with the smooth friction law with the same initial conditions. The rigid body model predicts discontinuities in the contact forces. However, the compliant contact predicts a smooth transition from sliding to sticking (relative velocity less than the threshold ) to sliding in the opposite direction.
The main disadvantage of the nonlinear friction law is due to the fact a static friction force can only be maintained through \creep" in the tangential direction. While the \creep" rate is less than , and can be set to a very small value, it is not a very attractive solution because it has the adverse e ect of making the system of ODEs sti . There is a natural trade-o that must be considered in selecting the parameter .
Concluding remarks
When rigid body models are used in conjunction with Coulomb friction for dynamic simulation of systems with frictional contacts, there may be situations in which there are no solutions or multiple solutions for the contact forces and the accelerations. In this paper, we describe a contact model that models the small compliance in the normal and tangential directions. We show that this compliant contact model, when used with the rigid body dynamic equations of motion, always yields a unique solution for the accelerations and the forces. While this model is superior to the traditional rigid body model in terms of accuracy and robustness, it is also more complex and requires a larger number of parameters. Therefore, it is appealing to use rigid body models, whenever concerns of uniqueness and existence do not arise.
The main contribution of this paper is the use of singular perturbation theory to establish conditions under which solutions from the rigid body model are stable, or in other words, conditions in which the compliant contact model solution converges exponentially to the rigid body model solution. In situations when rigid body LCP analysis reveals multiple solutions, stability analysis can resolve the ambiguity. We can simply discard the unstable solutions and retain the stable one. The stability analysis shows when it is essential to pursue the more sophisticated compliant contact model, and when it is satisfactory to neglect the fast dynamics. The basic issues are illustrated with the help of a simple example with one contact that may be rolling, sliding, or separating. The case of rolling contacts poses an additional di culty because of the fact the tangential forces obtained by Coulomb-like frictional laws, even when used with compliant contact models, are not smooth functions of the state. The second main contribution of the paper is the result that a smooth nonlinear friction law, inspired by Oden and Pires' nonlinear friction law 18], overcomes this di culty. We show that in the case of planar mechanical systems with one contact, there are at most two solutions, and there is only one stable solution.
The basic ideas of this paper are applicable to any situation with frictional contacts. However, in order for the rigid body model, and therefore the perturbation analysis to be applicable, we are limited to planar problems with three or less independent constraints and spatial problems with six or less independent constraints. Note the compliant contact model can alway be applied without such limitations. Since not all of the constraints of the physical system are embodied in the rigid body mathematical model, a study of the stability of these solutions based solely on the structure of the LCP itself is not justi ed. Existence and uniqueness problems suggest the inapplicability of the rigid body model altogether and not simply uncertainty in or sensitivity to model parameter values.
Our future work addresses incorporating stability analysis as a diagnostic tool in real-time simulation where it is prudent to check for stability and warn the user in unstable regimes. 
